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A few basic equalities that are often used:
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Carl Friedrich Gauss invented the normal distribution in 1809 as 
a way to rationalize the method of least squares.

Introduction



5

For d dimensions, the Gaussian distribution of a vector x =(x1, x2, …,xd)T

is defined by:
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What is a Gaussian?
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What is a Gaussian mixture model?

Examples:

d=1: d=2:

The probability given in a mixture of K Gaussians is:
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data.  the  fits that  model  GMM  the  of    parameters
  the  estimate  GMM), a(probably    ondistributi unknown

  an  from  drawn    data  of   set  a   Given
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• Problem: 

What is a Gaussian mixture model?

• Solution: 
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The Expectation-Maximization algorithm

• Basic ideas of the EM algorithm: 

.likelihood  the  of  onmaximizati  the  
simplify    wouldknowledge  its  that  such  variable  hidden  a  Introduce -

:iteration  each   At-

• E-Step: Estimate the distribution of the hidden variable given 
the data and the current value of the parameters.

• M-Step: Maximize the joint distribution of the data and the 
hidden variable.
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The EM for the GGM  (graphical view 1)

Hidden variable: for each point, which Gaussian generated it?
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The EM for the GGM  (graphical view 2)

E-Step: for each point, estimate the probability that each Gaussian 
generated it.
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The EM for the GGM  (graphical view 3)

M-Step: modify the parameters according to the hidden variable to 
maximize the likelihood of the data (and the hidden variable).



12

General formulation of the EM

)Z is  name variablehidden the follows  what (In
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Proof of EM convergence

)1(
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Proof of EM convergence
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EM for the GMM

known.  always  not  is    ely,Unfortunat  Gaussian.  by  Gaussian
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EM for the GMM

:follows as  and   all  of likelihood joint the write  now  can  We ZX
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:by  given is  function  auxillary   The
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EM for the GMM

:by given Step‐E the  then  have  We
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(Posterior distribution)
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:by given Step‐M  the  And

EM for the GMM
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EM for the GMM

:gives multiplier  Lagrange  using     constraint  the   gcorporatin In ∑
=

=
K

1j
jw 1

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−−= ∑

=

K

j
j

tt wQJ
1

1),(),( λθθθθ

:Then

0),|(

),(),(

1

=−=

−
∂

∂
=

∂
∂

∑
=

λθ

λθθθθ

N

i j

t
i

j

t

j

t

w
xjp

w
Q

w
J

                 

 :gives   which

λ

θ∑
==

N

i

t
i

j

xjp
w 1

),|(
)3(



20

EM for the GMM

:have  we Also,
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Some issues

1- Initialization:
- EM  is an iterative algorithm which is very sensitive 
to initial conditions:

trash with  up end  trash from  Start →

- Usually, we use the K-Means to get a good initialization.

2- Number of Gaussians:

- Use information-theoretic criteria to obtain the optima K.
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3- Simplification of the covariance matrices:

Some issues

Case 1: Spherical covariance matrix Idiag jjjjj
2222 ),...,,( σσσσ ==Σ

Case 2: Diagonal covariance matrix ),...,,( 22
2

2
1 jdjjj diag σσσ=Σ

-Less precise.
-Very efficient to compute.

-More precise.
-Efficient to compute.
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3- Simplification of the covariance matrices:

Some issues

Case 1: Full covariance matrix
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-Very precise.
-Less efficient to compute.
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Applications of GMM in computer vision

1- Image segmentation:

( )TBGRX ,,=
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Applications of GMM in computer vision

2- Object tracking:
Knowing the moving object distribution in the first frame, we can localize
the objet in the next frames by tracking its distribution.
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